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RESUMEN

En este articulo consideramos ¢l sistema de ecuaciones on diferencia lincales por partes
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1 Introduction

In this paper we consider the system of piecowise linear difference cquations

Xnet = [l —yn —1
Cn=0.1,... (1.1)
Yn+1 = Xp+ h_-Jn|

where the initial conditions xo and yg are arbitrary real numbers. We show that cvery solution of
Systern{1.1} is either {from the beginning) the uniyue equilibrium point

2
(X)U]f (_52_5)

or else is eventually one of the following period-3 cycles:

xe = 0, v = -l *o = » Moo=

2 1

Pi=|x = 0,y = | or Pi=| x, = -3 w o= 3
= -2 = 7 2 ]

2 > Y2 X2 = 5 5 W= oy

This study of System{1.1} was motivated by Devancy’s celebrated Gingerbreadman map

Xnt+l = [Enl=Yn +1
, n=0,1,....

Yn+1 = Xn

Sec Ref. [1, 2. 3. 4].

We believe that the methods and techniques used in this paper will be useful in discovering
the global behavior of similar piecewise linear systems of the form

Xng1 = [Xnl+ayn +b
n=0,12...

Yn+t =Xn + Cl‘;}n| +d

For another system of this form see [5].
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2 The Global Behavior Of The Solutions Of System(1.1)

Set
b= {{xy:x20y=0}
L= {lxylix=0y=0
G o= {(xyh:ix<0y=0;
Lboo= {(xy}:x=0y<0}
@ = {{xylix>0,y>0}
Q: = {Ixyl:x<0,y>0}

Q3 = {[X»U}IX<039<0}

Qs = {lxy)l:x>0uy<0}

Theorem 1. Let {(xn,Un )1y be a solution of System(1.1} with (xa,yo) € R?. Then either
{[%m> Un )12, i the unique equilibrium (%, §}. or clse there exists a non-negative integer N = 0
such that the solution {{xn,yn )%\ of System{1.1) is cither the prime period-3 cycle P} or the
prime period-3 cycle P%.

The proof of Theorem 1 is a direct consequence of the following leimnmas.

Lermma 2. Suppose there exists a non-negative integer N > 0 such that
Un = —Xpn — | and yn = 0.

Then (xns1,Un+1) = (0, =11, and so {(xn, yn )58 4 I8 the period-3 cycle Pl

Proof. Note that xy = —yn — 1 £ —1, and so

Xnp1 = Pnl—yn—1 = —xn—[(—xn—1)—-1 = 0
YUnel = xn Ul = X+ {—xw — 1] = -1
The proof is complete. i

Lemma 3. Suppose there exists a non-negative integer N > 0 such that {(xn,yn) € l2. Then
{(xnsyn )% 42 is the period-3 cycle PJ.
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Proof. We have

Xner = Byl—yn-—-1 = 0—un—=1 = —yn-1t < 0
yner = xnt+lynl = O0+yn = YN = 0
and so it follows by Lemma 2 that {{xn, yn )}y 18 the period-3 evele P, 0

Lemma 4. Suppose there exists a non-negative iuteger N > 0 such that xy = 0 and yny < 1.
Then

{1} xngpz =2un +2 <0,
3
(2) If_i < Y < -1, then YNt3d =™ -‘-ZQN -3 < 0.
3 o . . . ]
3 fyn < ~5 then {(Xn, Un )15 na 18 the period-3 cycle Py,

Proof. We have

ANyl = fpel —un =1 = —yn-1 > 0
Ynel = xn + iynl = —Yn > 0
XNe2 = Xnagl—Yney—1 = -2

Untz = Xng1 Hiyngal = —“2yn—1 > 0
Xn+3 = Xnezi—yYns2 -1 = Zyn+2 < O
Ynez =  Xngz+iymnszl = —2yn-—3

3 3
If —3 <yn < —1, then ypyz = =2y —3 < 0. Ifyn < ~3 then ynes = —2yn — 3 > G and 8o

by Lernma 2 {(Xn, Yn) 1o nya 18 the pericd-3 cyele P.. The proof is complete.
O

Lemma 5. Supposc there oxists a non-negative integer N > 0 such that x5 =0 and —~1 <un <0,
Then

i
(1) If ~3 <yn <0, then {(x,, ya )y, 5 is the period-3 eyele Pl

1 i
(2) If 3 <Yn £ 7 then xn45 = 8un + 2, Yns = —8yn — 3. and xnq¢ =0.
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i
3 H-T<yn < —3 then {(xn, Un 11 o g Is the period-3 cycle P_é.

Proof. We have

XNgl = pl =y — 1 = —uyn—1 < 0
YN+t = xn [yl = —YnN > 0
Xz = XNotl—Yngr — 1 = 2y < 0
Un+z = Xnel Flynall = —2yn -

XN43 = ezl = YNz =T = Q.

1
Iffa— <yn < 0. then ynyz < 0 and yngz = xnp2 Fluwez| = 4yn +1 > 0. It follows by Lemma 3

that {{(Xn, Un )} pnas 15 the period-3 cycle P, and so Statement 1 s true.

i 1
If*i <yn < T then ynyz < 0 and

Yners = Xna2 Flunezl = dyn 1l €00

X4 = [enssl~yngz =1 = =dyn—-2 < 9

YN4as = XN+3 U3l = —dyny-—-1 = 0

Xts = Pngal—uUnaa—1 = 8yn+2 £ 0

UN+s = XNggtlUngal = —Syn —3

XN+s = Xnesl—Unes =1 = 0
and so Statement 2 is true,
IF-1<yn < -—;—, then Unts = Xn+s +Unss| = —1 and so {{%n, yn 1151 e 1S the period-3 cycle
Pl. The proof is complete. 3

Lemma 6. Suppose there exists a non-negative integer N > 0 such that {xn,yn} € la. Then the
following five statements are true:
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1
(1} Suppose -3 < yn < 0. Then {(xn,yn )% Is eventually the period-3 cycle PJ.
1
(2) Suppose yy = —=. Then {(xn,yn 1%y is the period-3 cycle P3.
ol

4 1
{3) Supposc 3 <Yn < -3 Then {{x,, yn 1} 18 cventually the period-3 cycle P}j.

4
(4) Suppose yn = 3 Then {(%n, yn ¥, 5 Is the period-3 cvele P%.

4
{5) Suppose yn < -3 Then {(Xn,yn JZ_y 18 eventually the period-3 cycle Pl

Proof. We have xiy =0 and yn < 0.

! i
(1) Suppose -3 < yn < 0. Note that by Statcment 1 of Lemma 5, that if ~2 < yn < 0, then
{%n, Un 2wy s is the period-3 cycle PL.

1 1
So suppose —= < Yn < e For each integer n = 1, let

3
72.2n+]
Un = 3.22n
Observe that
1 H
-—%:cu >0y >a3 > ... >f§ and nanqm(:ln =-3

Thus there exists a unique integer K > 1 such that yn € (axei1, ax}. We first consider
the case K = 1: that is, yn € (—3,—+]. It follows from Statcment 2 of Lemma 5 that
Xnes = SUN T2 <0 yngs = —8yn —3 <0, and xnre = 0. Thus unis = xnys Hlungsl =

16yn + 5 > 0, and so by Lemma 3 wo have {{xn,yn )13\, ¢ i5 the peried-3 cycle Pé.

Hence without loss of generality, we may assume X > 2. For each integer m > 1, let
P{m) be the following statement:

XN+3msz = 0

22111 +2 1

YN+3m+3 = 22m+2yN+"—3— < 0.

Claim: P(m)istrucfor 1 <m <K —1.
The proof of the Claim will be by induction on m. We shall first show that P(1) Is truc.
Recall that x,y = 0 and yn € {ak41, al € [—%, —%] , and so by Statement 2 of Lernma 5
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we have xngs = Sun +2 < 0 and ynas = —8yn — 3 < 0. Then

XN+3(1)+3 0

22(1 +2 1

YNz = 16Yyn+5 = 22[1’+ZUN+T < 0

and so P(1] s true. Thus if K = 2. then we have shown that for T<m<K-—1, P(m
is truc. It remains to consider the case K = 3. So assume that K > 3. Let m be an inte-
ger such that 1 < m < K—2, and suppose P{m] is true. We shall show that P(m-1] is true.

Since T(m] is true we know
Xneimis = O

22m +2 1

ZZm—o—Z.QN &+ 3 < 0.

YN+3m+3

AL 22‘<+1}

Recall that yn € (G4, 0kl = ( 3. 22(K+1) 3. 22K

Then
22m+2 — 1
AN+3Im-rd = |XN+3m+3E —UN+Im+3 -1 = “21m+lyN - ( 3 -1
Note that XN+3mad = —UNq3m+3 — 1.

In particular,

) 22m+2 -1
XN+3mt+d = 722‘““ZQN - (f) 1
22:11-!-2 _21[K+I] 41 Z?_m+2 —1 |
< = 3 7aK-1 ) 3 -
22m+?_K+4 22m+2 22m+2 ]
= — - A — 1

3 L FIKA+2 3. 22K+2 3 T3

22m72K 2
- 33
< 0
and
UN+3m+4  — xN+3m+3+|UN+5m+3‘ = O+IHN+3m+5 —YNi3m+3 2 0.
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Thus
ANt3m4s = Pnedmedl —UNtzmad — 1 = YUntames 11— (—Ynszmes) — 1
= 2yN+3m+3
< 0
and
YUNt3m4s = XNt3mad [U Nram+al = —UNaames — 1+ [“HN;Sers}
= _ZUN+3m+3 - 1.
In particular,
22m+2 1
YUN+3mts = =2 (22“‘”9]\, T f) 1
< =2 22111+l _ZZ[KJFI] + 1 1 22“"*5'2 — 1 _
3. 22'K+1 1 3
22mA2K+5 72m+3 22m=2 2
- - + 21

3. 228412 3. 22K+2 3 3

ZZm——ZK+I 1

3 3

Finally,

XN+3(m+114+3  — XN+3m+6

= {XN+3masl— UN+3mss — |

= *29N+3m+3 - (*"ZUN+3m+3 —1} -1
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UN+3(m+1)1+3

In particular,

UN+3tm+11+3

XN+3(K—1}+3

YNE3(K—1)+3

IA

=

and so P(m++ 1) is true. Thus the proof of the Claim is complete. That is. P(m) is true for
1< m< K—1. Specifically, P(K — 1] is true, and so

XN+3ma5 + [UN+3mesl
ZyNizmas F2UnNg3mas + 1

4yN+3m+3 + 1

23 (Zlm'{*ly N+

22(111»}-1]-4—-2 1

22[m+1 +Z (

_ 22m—2K+4)

2% 1

3
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ZZK u22K+2+] ZZK 1 B 724}(-@—2 22K ZZK 1 _ 1 1 1
3. 2%42 3 3o tygmart 3 T 3T3\E )T
and
52K —22K 4+ L R +23Kf1 —
3.2 3 3 3
wo have
1
4 < YnNesk <0
and so it follows from Statement 1 of Lemma 5 that {(x, Un 135 1 3x45 18 the period-3 cyele
P].
{2} Suppose Yn = —%-. Note that (0, —;—} € P! and so {{xn,yn )2\ is the period-3 cycle P},
(3) Supposc —% <yYyw < -—g'.

We shall first consider the case where 7% <yn < —1.

So suppose —-é‘- < yYyn < —1. For cach integer n > 0, et

_ZZ!H-Z +1
by = 3.72n
Observe that 4 4
—l=bo>b1>bz>...>m§ and lim bn:—g.
e ¥

Thus there exists a unique integer K > 1 such that yn € {bi, bx_1]. We first consider the
case K = 1; that is, yn € (—%,fﬂ . Note that if yg = =1 then [xpn,yn) = (0,—1) and
{(ns Yn )Ly is the period-3 cycle PL. So assume yn € (—2,—1). By Statements 1 and 2
of Lomma 4, we have xna3 = 2yn +2 < 0 and ywiz = —2yn — 3 < ¢ Then

XNt = gzl -ynsa-—1 o= 0

Yn+4 XN+3 + Ynal dyn +5 > 0
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and so it follows by Lemma 3 that {(men]}‘,’f;r\,% is the period-3 cycle Pg

Hence without loss of generality, we may assume K > 2. For each integer m > 1, let
Q(m] be the following statement:

XNt3m+1 = 0

2m-+2 1

< 0
3 < 0

Untimer = 28y 4

Claim: Q(m) is true for 1 < m <K-1.

The proof of the Claim will be by induction on m. We shall first show that Q1) is true.
Recall that xn = 0 and un € (b, b1 ¢ (*}.—fﬂ, and so by Statcments 1 and 2 of
Loemma 4 we have

Xne3 = 2yny+2 < 0
Un+z = =2yn—3 < 0
Ine3tier = Denssl—yngs 10 = 0
YNp3figer = LIRS N [VENPEY
- dyn +5 < 9
= 22:1_19N+22m;2*] < 0

and so Qi1) is true. Thus if X = 2. then we have shown that for 1 < m < K — 1, @(m)
is truc. It remains to consider the casc K > 3. So assume that K > 3. Let m be an inte-
gersuchthat T < m < K—2, and suppose 2(m) is true. We shall show that (M1} is true.

Since @(m) is true we know

XN+3m+1 = 0
s 22!71%«2_]
UNtamr = 27y 3 < 0
and so
XN+3m42 = XNaF3mat] = YNaimar —1 = O—UNt3mar — 1.

_22K+2 ]o2IK i
Recall that yn € (by, byg_q] = ( + Gl J

3. 22K ’ 3.22K-2

—rp
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In particular,

22m+2 1
XN+3m+2 = _szyN — (ﬁ‘%—‘*> — 1

_22K+2 +1 221n+2 -1
2
< 2 (T ) - (B )=

z ? 2 ed Ik
2_K+..m+_ 22m 2im+-2 1

T T3z T iogwm o3ty

i
- 2mm—2K+2
= -3 (2 +2)
< 0
and
UNt3ms2z = xN+3m+I+JHN+3m+I‘ = OﬁUN+3m+| = 0.
Henee
XN+3m+3 = ixN+3m-¢—2i*yNd—}erz_I = HN+3m-e—l+T“{—UN+3H\+I}ﬁ]
- 2UN+3111+1
< 0
and
YN+3m+3 = xN+3m+2+lyT\'+3m+2‘ = *""};IN+3m+1—]7‘"[_91\!-#31111-]}

- _ZUN+3m+] — 1.
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of Xno1 =Xl —yn — 1 and yn., = x, + [yn!

Tu particular,

Zm+2
szyN + Z_T_]J -1
>

_92K+2 Zm+2 _
72[2%1(2 +1)+2 1J_]

322K

22K +2m+3 22m+ 1 22m+3 2

XN-i-5[11'|+l t+1

UNF3(m+1i+1

In particular,

YN+3m+1)141

3-27%

32K T 3 3

*g (221TL—2K+F -+ -l)

XN+3m+44

IXN+3m+3i TUYN+imat — |

“2‘_-}N+3m+1 - {“2UN+3111+1 - T] -1

22m+2 (722K +1 ) 22m+4 —1

UN+3Ingd
XN43m+d + YN zmes]
ZUN+3111+I +2yN+3m+l +1

41JN~\-5m-H +1

22[m+| +2 ]

ZZEH'H-”yN + 3

3T2%2 3
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22K+2m+2 22111+l 221n+—l

37Kz "'3_;_2!(—2+ 3

| —

_ l (22111.721{-9—4 . -})

< 0

and so Q(m+1) is true. Thus the proof of the Claim is complete. That is, @(m) is true for
I <m < K—1. Specifically. Q(K — 1} is true, and so

AN43(K=-1)4) = 0

22(K71 2 1

Z’UK—HyN-I-——%“ < Q.

I

YN+3(K—1)+1

Note that

—22K+2 4 22K
0 > yl\H_s(K“]Jﬁ:_] > ZZ(Kfl] ( + )

ERL

24!( ZZKM-Z 22K ]
IR 3w g

and so it follows by Statement 1 of Lemma 5 that {(xn,yn 5 Naskes 15 the period-3 cyele
Pl

Suppose —1 < yy < —;—. By Statement 3 of Lemma 5 we have (e, yn 115 sy is the
period-3 cycle PJ.

To complete the proof of Statement 3 we shall now suppese that ﬁ% < yn < xg'. For
each integer n > 1, let

kZZﬂ--‘] -]
&n = 3. 22n—-1
Obscrve that I | ]
kizm<oc2<o<3<...<—§ and nl_iilgocxn:fg.
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Thus there exists a unique integer X > 1 such that Yn € ok, oy ). We first consider the case
K=1:that is, yy € -1 ~2}. By Statement 2 of Lemma 5 we have xni5 = 8yn + 2 <0,
Un+s = —8yn — 3 > 0, and so it follows by Lemma 2 that {{xmyn}}?ﬁ:r\,% Is the period-3
cycle Pkl,‘ Without loss of gencrality we may assume X > 2. For each integer m > 1, let
R(m] be the following statement:

5 22m+1 2
XN+3m+2 = ZWHUN""—‘—E-— < 0
22m+1 ]
YN+3mez = *ZZ’HMUN_(TL) =0

Claim: ‘R(m} is true for 1 < m <K-—1.
The proof of the Claim will be by induction on m. We shall first show that R(1) is truc.

Recall that xn =0 and yn € [k, oeq ) © -4, —1). and so it follows from Statement 2 of
Lermma 5 that

22H)+|__2
XN+3(ip+2 = Syn+2 = ZEHHIUN*‘—"—%— < 0

22(1]71 ]
Yns3(iez = —8un-—3 = 2””“14N—(h3i_) < 0

and so R{1} is true. Thus if K = 2. then we have shown that for 1 <« m < K — 1, R(m)
is true. It remains to consider the casc K 2 3. So assume that K > 3. Let m be an inte-

gersuch that 1 < m < K—2, and suppose R(m) is true. We shall show that RIm—+1) is true.

Since R(m} is true we know

22m+1 -2

z 1
XN+3m+2 = 2em+ YN + —?_ < 0
22m+i —{-T
2m--]
UN+31'H.+2 = ﬁz " yN - (T S 0.
Then
XN43m+3 = [Xnsamaez] — UN+3mez— ]

2m+1 2Zm+1
— *22“H"JUN_2 3 Zg(__zlm—é-]yN‘z 3 +])_1

B
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UNt3m+3 = Xnwama2 +IYnsimas]

22111+1 o 2
22m+]y

. 22111+l+]
N+'—u+22m‘lyN+M

3 3
- 22171.+2yN - 22mHe 1
3
C22K=1 7 92(K41-) 1
Recall that yn € [, gy 1) = [ 322K T3 IR )
In particular,
_22“(4—] =1 ] 22m+2 -
2m-+2
yN+3Tl‘L+3 < 2 ( 3_22.“(4—”7] ) + 3
22K+2m+3 22m2 22m+2 1

ENT N N S + 3 3

— _% (] T ZZ]’H—lKJrl}
< Q
Then
AN+3mtd = XNt 3mesl —Ungzmas — F =0 “YNt3m+3 ~ 1 = —YNezmaz — |
In particular,
Zlm+2 —1
AN+im4+a = —221"+ZUN - T -1
< 722””_2 (—ZZK_] _ ]) B (22m+?_ _ i) o
322K 3
22m+2K-ﬂ—l Zlm+2 22m+2 1
Ny +3_7_2K—| T3 +§—1
2
- = (} ___22711723(4—2)
3
< ¢

Hence

YUN+3m4a = XN+3ma3 H YNt amasl = 0+ (—Ynpamas ) = ~Un+3m=3 > 0.
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Finaliy,

XN+3(ma1)+2 =

and
YN+3(mei)vz

In particular,

UN+s(imri+z <

<

and so R’{m+ 1} is true. Thus the proof of the Claim Is complete. That is, R{m)

XN+3m+5

PN smaal —Uns3maa — 1

UNtam+d + 1 = (~yngzmez) — 1

2YNt3mas

22[1‘r1—0—|)+T,L

= UN+3m+

UnN

5

Jr

2imA41}+1 =2

2_

3

= XN+3m+q T h;JN+3m+~I!

= ~YN+3dmaz— 1+ [7UN-.—3m+5]

= “2YnN+imiz — |

_22m+5 (

22m+2K+2

AL

_ZZK—I

3

(22[m+1)+l

+1>.

ZZm +3 22m+3

3. 22K +3_22K—l T T3

3

0

(22111"'2?('#4 - )

1 <m < K—1. Specifically, R{K — 17 is truc. and 50

AN+AK—1142 =

YnN+3ik-11+2

2_7[K7|I-H

Yn

+

_22{K~?)leN

ZZEKMJHI -2

3

a
J

22K=TIHr g
3

—1 22m+3+]
3-22K—i)“( 3 )

1

3

) <

is true for
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Then
XN+3K = XN43(Ke1)43
= XNe3tkoie2l - YN 31Kz —
= 0
and
UN+3k = UN43(K—1)=3

= OXN#3(k—1r2 NI 2

275
= ZZKQN -} 3 .
Note that
ﬁzZKfi 1 ZZK —1 72).K+I 1 ZEK —1
K 2K
z (3.22?(7! )"' 3 S Yneak <2 (3.22K+1 )+ P
So as
_22K—-] —1 22K 1 ﬁ24Kfi 22K ZZK i i 1
22K + = 5 + , tm s =5 =5 =
322K~ 3 3-22K~-1 0 3. 22K~ 3 3 3 3
and
ZZK _22K+1__] 22Kﬁ_]=ﬁ24K+I +g‘2j“l:7i_ :_l
3,22K+| 3 3.22K+l 3 3 6 2
we have
i
=1 < ynszk < -E
and so it follows by Statement 3 of Lemma 5 and the fact {0,—1) £ P_; that the solution

{%n, Yn )% p3xs 3 05 the period-3 cyele PL

(4) Suppose yn = —%. By direct computations we have (XN-3 Unes) = (=%, —11€ P2 and so

% Yn 118243 i3 the period-3 cycle PZ.
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{5} Suppose yn < —%.

First consider the case u% LYn < —%. For each integer n > 0, let

m22T1+3 1
Observe that
3 4 - 4
3= Bo<Bi <Bs<... <‘§ and nlgroloﬁn =-3

Thus there exists unique integer K > 1 such that yn € [Br—1,Px}. We first consider the
casc K =1; that is, yn € [_%, ~%) . By Statements | and 2 of Lomma 4 we have

XNtz = ZyN+2 < 0
Yn+ez = —2yny-—3 < 0
and so
ENtd = Xnasf—Unez—1 = 0
YN+a = Xnaes +yngs) = dyn+5 < 0.

In particular, —1 < UNwg < ﬁ%. It foliows by Statement 3 of Lemma & that the solution
{[xu,yu]}fsz_,_? I the period-3 cycle P

Thus without loss of generality, we may assume that K 2 2. For each integer m > 1,
let S{m) be the following statement:

2im+3 2
XN43ma3 = 25y 4 I < 0
221n.+3 -2
YN+3m+3z = —22'“*'1‘:”\1 - (—T) -1 < 0.

Claim: S{m} is truc for 1 < m < K — 1.

The proof of the Claim will be by induction on m. We shall Grst show that S{1) is truc.
Recall that xn = 0 and un € [Bry,Br) © [*%,—%) , and 50 by Statements 1 and 2 of
Lemma 4 we have

N+ = yn+2 < 0
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Un43 = —2yn—3 < 0
XNed = Pngal—ungs—1 = 0
Ynea = Xnzztlynesl = dyn 45 < 0
XNes = Xngal=yYnga—1 = <dyn—6 < 0
Unes = Xnea tiynesl = Adyn -5 > 0.

Finally,

Xngsi —Ungs — 1 Sum +10 < O

Il

XNA43(1}+3 XN+6

]

Ynte = Xas + Unas —Byn —11 < 0.

4

YN+3i1)+3

It follows that &(1) is true. Thus if K = 2. ther we have shown that for 1 <m < K-1,
S(m) is true. If remains to consider the case K = 3. So assume that K > 3. Let m be an in-
teger such that 1 < m < K—=2, and suppose S(m) is true. Wa shall show that S(m+1) is true.

Since S(m) is true, we know

22m+3 2
XN+3m+d = 28mtTyy T < 0
221n+3 —2
2
YUN+3my3 = *“Z—mjtlyN — (ﬁ3 -1 < Q,
Note that Un.zmes = TXN+3ma3 — 1 oand 50 =1 < xpyp3mgs < 0
Thus
XN+3m+4 = [Xnp3mes] “YN+3maesz — 1
= XN+imad — (~Xngames — 1) — 1
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and
UN+3m+d4 = XNi3mae3 + |UN-‘~3m+3|
= XN+3m4+3 T XNy3maz 4]

= ZXN-J-jm-!—j + 1.

_22(K—I}+37] _221(4-3__]
Recall that yn € [Bx_1,Px] = { 3. 2R 0 T3 2R )

In particular,

221111—3 —

+ 2
YN+3mya = 2 [ZZW' IT;JN + _3——-—:, +1

_ZZK+5 —1 221TL+3 -2
2 !
< 2{2 m ( T IART )+ 3 }+I

22K+2m+5 ZZm-‘r-l 22:TL-I~4 1

32T T3 g t 3 3

- k% (22111--2K+I + i}

Also note that —1 < XN+3mas3 < f%.

Thusg
XN43m+5 = Xnyimeal “UYUN+3mag — |
= 0- (ZXN+3T|1+5 + ]} -1

= 72XN+3T11+3 -2
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and
UN+t3Imes = XNt3mad + [Untamad)
= 0+ (*ZXN—‘rSm—Fa -1}
= —2Xnypames — 1
> 0
Finally,
AN+3m+1143 = XNi3m46
= Pveamesl = Ungamas — 1
= 2XNgsmes F2— (~2XNazmas — 1) — 1
= MNtimgs+2 < 0
= 4 [23!“*"‘% + (—ﬁzzmj ﬁZ)J +2 < 0
= My (ZZ(mLH‘-ﬁ ﬁZ) Y1 e 0
and

UN+3(m+1l43 = YN+3mas
= XN+3im+5+ IUN+3m+5|
= —2Xnyamez — 2+ ("ZXN+3m+3 —1)

= —HXNt3mez—3

22met3 .,
= -4 [22111+I_HN+( . )J -3

Z[m=1}+3 _
= primeliey (7- X 2) 1
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In particular,

UN+imys £ —4 [szﬁ(

ﬁ22[K71 +3 1 22|n+5 -2
3. JZ(K<111 3 -3

22K+2m+4 22311+3 22111+5 1

= 3,22K—1+3,27_K71ﬁ 3 3

and so S{m + 1) is true. Thus the proof of the Claim is complete, That is, &(m) is true for
T <m < K—1. Specifically, S[K — 1) is true, and so

B 22K+ —2
XNF3K—1)+3 = XNa3k = 2°F ]UN + 3 <0

22K+1 —2
UN+3(K-1143 = YNp3K = ﬁzzK_}yN - (m) ~1<0.

3
Note that ynyzx = —XNa3k — 1.
Thus
EN+3KE = [Xngsk] = Ynaae — 1

= —EKNe3k — (XNgak - -1

= 0
and

YN+3K+1 = XN+3k + [Yn+3k]

= XN43K T Xngak + ]

= Zxnaak k]

22K+l -2
= 2 (23K*‘yN 4 —%> +1.

3
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Proof. We have

XNe1 = vl -yn—1 = an—yn =1
Ynpr = xnFlynl = xnbyn > 0
If xyar = 0 then

XNtz = [xngil - Ungr — 1 = —2yn —2 < 0
Unt2 = Xng FYnae| = Dy — 1 > 0
XN+ = ezl —ynaz =1 = ~2xn+2un+2 < 0
YN = Xngrblyneal = Zxy - 2yn - 3
XNta = Pinesl - ynsz- 1 = 0

and 0 (XN44,Ynag) € 12U 1, By Lemmas 3 and 6, the soclution {{(xn, Yn 152 I8 eventually the
period-3 eyele P or the period-3 cycle P2,

I o) < O then

ANk = Nsil—Ung =1 = “2xy < O
UN+z = Xne1 Fluns] = 2xny -~
XNtz = ezl —yner—1 = 0

and so (Xni3,Ynts) € L UL, By Lemumnas 3 and 6, the solution {{xn, Yn 122, is eventually the
period-3 cycle P or the period-3 cycle P |

Lemma 8. Suppose there exists a non-negative integer N > 0 such that (xnyyn) € Q2. Then
{(tn, yn 12, is eventually the peried-3 cycle Pl or the period-3 eycle Pﬁ.

Proof. We have

ANel = IXnl—yn—1 = —xn —un =

Il

YNl = XN+ Jund XN YN-
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Case 1: Suppose Yyt = O Then by Lemma 2, the solation “xmyn}}?f’:r\l-u is the period-3 cvele
Pl

Case 2: Suppose Un+1 < 0 and xwyay < 0. Then xnay = Xnail — Unetr — 1 = 0 and so
Ntz Unt2) € 12 UL;. By Lemmas 3 and B, the solution {(xn, Yy JI5_py is eventually the period-3

cycle P} or the period-3 cycle P2.

Case 3: Suppose yny < 0 and Xn+1 > 0. Then

ENi2 = vl ynge =1 = oy —2yn—2 > O
Untz = XnprHlunal = =2xy—2uyn—1 > 0
XN+3 = [Xngzl —Ynaz—1 = -2

YN+ = XngzFlyneal = —Axn —dyn -3 > 0
s = vasloyngs =1 = dxg+dyn 4 < 0
Unta = Xngztlynesl = —dxy —dun —5

Xnts = gl —Ymag -1 = 0

and $0 (Xn+5,Ynes) € 1o Uy, By Lemmas 3 and 6, the solution {{x,, yn }}%_ 1 i% cventually the
period-3 cycle P} or the period-3 cycle P_%. O

Lemma 9. Suppose there exists a non-negative integer N > 0 such that (xnyYn] € Qq. Then

{(xn,yn )} 15 eventually the period-3 eycle P! or the period-3 cvele P%.

Proof. We have
ANFL = XNl YN =T = xy - U = ]

Un+r = xn+lunl = xn—yp > 0

Case 1: Suppose Xn.y > 0. Then (XNt+1,YNs1) £ (27 and so by Lemma 7, the solution {{xn, LJ,n]};’l‘;l\,+Z
Is eventuaily the period-3 cycle P!l or the period-3 cyele P%.

Case 2: Supposc xys) = 0. Then (XnN+1,Uns1 ) € 1 and so by Lemma 3, the solution {{xn, Yy 12 g
is the period-3 cycle P1.
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Case 3: Suppose xn.1 < 0. Then (Xm+1,Una1) € Q2 and so by Lemma ¥, the zolution {{%n, Un i
is cventually the period-3 cycle P; or the period-3 cycle Pg’.

O

Lemma 10. Suppose there exists a non-negative integer N > 0 such that (xn5yn) € 1y, Then
{lxn, yn )} is eventually the period-3 eycle P} or P4

Proof. We have

AN

YN+

= vl —un—1

= XN+ yn|

XN

—1

XN

Case 1: Suppose xn = 0. Then N ivYNar) = (—=1,0), and so (¢ma2yYnsz) = (0, —1). Hence the
solution {(xn, Yn )15 v, is the period-3 cycle P!

Case 2! Suppose 0 < xy < 1. Then X1 S0 and ynsy > 0. Thus (XNa1, Ung:) € Q2 U1z, and
hence by Lemmas 3 and 8, the solution {(xn,un o is eventually the period-3 cycle Pji or the

period-3 cycle P3.

Case 3; Suppose xy > 1. Then g1 > 0 and ynyy > 00 Thus (XnehUner] € Qr and by

Lemma 7. the solution {{x, Yn)
Pi.

g Is eventually the period-3 cyele P_% or the period-3 cycle

O

Lemma 11. Suppose there exists a non-negative integer N > 0 such that (xnyUnt € 130 Then

1, Un )12 s eventually the period-3 cycie P} or the period-3 cycle P

FProof. We have

XN+

YUN+i

Casc 1: Suppese —1 < xn < ¢. Then Xng? = Xyl

Pl —yn —1

LONIESITINY

It follows by Lemmas 3 and 6, that the solution {(

P} or the period-3 cycle PZ.

"‘XN‘-]

XN

< {0,

~UYn=1—1 =0, and so (XNx2 Ynsz) € L UL,

X Un 1 i eventually the period-3 eyele

Case 2: Suppose x5 = —1. Then (Xne1,Uner ] =(0,=1) € Péf and so the solution{(xmyn}}ﬁ‘;NH

is the period-3 cycle PJ.

Case 3: Suppose xy < —1. Then XN+ Yntr) € Qa ULy, Tt follows by Lemmas 9 and 10,
the solution {[xn,yn}}?f’zr\,+2 ts eventually the period-3 cycle P} or the period-3 eycle P O

To complete the proof of Theorem 2.1 it remains to conside

(x0,Yo) € Q3.

r the case where the initial condition
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Lemma 12. Suppose (%, yo) € Qz. Then {{xn, Yn 1%, is the unique equilibrium solution (%, )
(—%,—1). or else is cventually either the period-3 cycle Pl or the period-3 eycle Pi.

Proof. If (xo,yo) = (—4,-1), then the solution {Ben, undifL, s the equilibrium. So suppose
(xoyye) € Q3 \ {(—_5—,,—%)} It suffices to show that there exists an integer N > 0 such that
{(%n, Yn I Is either the period-3 cycle P} or the period-3 cycle P3.
For the sake of contradiction, assume that it is false that there existy an integer N > 0 such
that {{Xn, yn 1} is cither the period-3 cycle Pl or the period-3 cycle P Tt follows from the
previous lemmas that x,, < ¢ and Un < C for every integer n > 0,
Case 1: Suppose x¢ < —2 and Yo < 0. Then

Xir=[xpi~Yyo—1=-—%x—yg—1>0

which is a contradicticn, and the proof is complete.

Casc 2: Suppose —~2 < xg < 0 and Yo < —1. Then

X1 ZIXQIﬁ-yo—-]:—xOfyo—1 >0
which is a contradiction, and the proof is complete.

Case 3: Tt remains to consider the casc (xo,ys) € (—=2,0) x (—1,0). For cach integer n > 0,
let

ﬁ24r172 —1 _2471 + 1] __24n.—2 - 72471. +1 2411 1
Un = —/———7—7—, bn = F Adn_1 S Tm——g——, dn = —0 =7 and DT’I = .
5.24n-3 5. 24n~1 5.24n—-2 5.2

Observe that

2 i 2z
—2=u0<a]<a2<...<*F and lim a, = —=
5 n 200 5
2 ) 2
O=bo>by>by>..  »-2 and iim b, = —-=
5 n—co 5
1 . 1
—I=cp<i <. < — and lim ¢ = ——
5 n—co 5

1 1
O:do>d]>d2>...>*§ and lim dn:‘*g.

Nn—ou
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There exists a unique integer K > 0 such that

(x0,Y0) € [aw, bl x fex, d]\ [aget, by 1] % [eker, dias].

We first consider the case K = 0: that is. {xo,yo) € [—2,0] x [-1,0]\ -3, -3 x [—4,~ 7). Note
that by Lemmas 6 and 11, and by Case 1 and Case 2 of this lemma, we know that the solution
{(xn, Un )34 is eventually either the period-3 cyele P or the period-3 cycle P35 when (xe,yo} is
an clement of the outer boundaries of {~2,0] x [—1,0].

Recali by assumption that x,, < 0 and Yn < 0 for every integer n > 0.

3

So suppose (xo, Yo} € (~2,0) x (1,0)\ [‘z’EJ < {L

‘I ol
a,ﬁ]—%]. Then
X1 =lxol—lo—1=—x0~yo— 1

U =xo +iyol = %o —yo

Xz =i ~yy —1 :(XO‘I’UO‘F”“[XOHQO]—-TEZQO

Yz =% + sl =(~xe —Uo — 1} 4+ (—xo + Yo} = —2xo — 1.

If —2 < xo < —§, then y2 > 0 which is a contradiction.

Thus —% < xp < 0. Then
X3 = ol —yz =1 ={=2yo) — (—2x¢ — 1) — 1 = 2xo — 2y,

Yz = xz2 +yzl = (2yo} + (Zxg + 1) = 2xo + 2yo + 1
Xa = Pesl = ys = T=(~2xo+2yo) = (2xo + 2yo + 1) — | = —dxy — 2

Ua :X3+h_-i3| = {ZXL\ —Zyo]+[—2X0m2yo -]J = **41_;0— i.

If =1 <yp < —4, then yg4 > 0 which is a contradiction.

Hence —% < yp < 0. Then
X5 = [Xal —ya =T ={dxg +2) — {4y — 1) — 1 = 4xg +dyp +2
Ys =4 +yal = (~4xe — 2) + (dyo + 1) = ~4xp +4yo — 1
Xg = Xs| —ys — 1 = (~dxp —4yo — 2} — (—dxo +4uyp — 1) — 1 = —8y, 2

Us =X5+Jy5|:(47¢0+4yo+2]-5-(47(0741:10-"-?} = 8% + 3.
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It —% < xg < 0, then y¢ > 0 which is a contradiction.

Hence —% < xp < —2. Thus
z g

X7 =[xXsl—ye — T =(8yo +2) — (8xc +3) — 1 = —8x, +8yo—2
Y7 = %6+ [ysl = (—8yo — 2} + (—8xp — 3) = —8xg — 8up — 5
xg =[xzl —yy — 1= (8xg — 8yp + 2) —(—8x0 —8yo — 51— 1 = 16x0 + 6
Ys = X7+ |y7l = (~8xo + 8yo — 2) + (8xp + 8yo +5) = 16y +3 > 0,
which is a contradiction. Thus the case K = 0 is complete.

Next consider the case K > 1. Recall that xn <0and y, <O foralln >0,

For each integer m such that 0 < m < K — 1, let {m} be the following proposition:

Xgmar = =28y, - 29m Uo—3Dp —1
YSma1 — 24mx0 724111.5'0 +D1n

Xgm+2 = 24’““'90 +2D

Ugmgz = —29M*ly, — 4D — 1

X8ma3 = 24m+1xO_24m+lyo+2Dm
Ygm+3z = ZamﬂHXO + 24m+l Yo + 60D +1
Xgm+4 = 724]’]'-"2)('0 - SDm -2

Ysm+s = “7-4m+zyo —4Dy, — 1

Xgm45 = 24m+2X0 + 24m+2y0 + IZDm +2
Ysmes = 20 20 2y, —aD,
Xgmis = —24‘“+3yo —8Dm —2

Y8in+e = 24m+3X0 -+ ?GDm +3
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Xgmay = “24m+37(0 4 24m+5y0 o SDm -2

Ysmar = =20y, pAmAdy. _oap, 5
Xgm+g = 24m-r4 Xao + 32Dm +6
Yagmes = 2Py +16D,, + 3.
Claim: P(m} is true for 0 < m < K — 1. The procf of the Claim will be by induction on m. We

shall first show that T(0) is true.

Xgrop+r = —Xo—Yo—1 = 28y, 2400, 3D, 1
Ysier4r = X0 — Yo = 2%y — 240y, Dy

Xgor42 = 2yp = 2%y, 42D,

Ysior+z = —2xg — 1 = =20y 4y —

Xgi0)e3 = 2X0—2yo — ZMOJHXO*ZMOHIHOJFZDO
Ygioy+3 =  2xp+2yg +1 = 24{0“1360 +24[m+}y0+6D0+1
X3(01+4 = -"4?(0 -2 = —24[0J+2X0 - SDO -2

Ysiora = —dyp— | = = 2MOIx, 4Dg — 1

X3(0)+5 = 4X0 +4y0 +2 = 24[O)+IX.Q — 24{03+2y0 + ]ZD() +2
Ysioyes = —dxo -ty — 1 = —2MOM2e, o402y gy, g
X8(0)+6 = —8x5—2 = 2O+ 8T, -2

Ysoms = 8Yo +3 = 280135, 116D + 3

Xsfoj+7 = 8k +8ye—2 = 23y 4 pH03y ey
Ysiorey = —8xp— 890 _5 — *24{0}+3Ko - ZMOHSHO —24D5 +5
Xg(0}+8 = Texp + 6 = 24I0}+'1X0+32D0 + 6

Yg(ojrg = ]6}}0 +3 = 24[0,+4X0+]6D0+3

and so P(0) is true. Thus if K = 1, then we have shown that for ¢ < m < K — 1, P({m} is true.
It remeins to consider the case K > 2. So assume that X > 2. Suppose that m is an integer such
that 0 < m < K —2, and that P{m} is true. We shall show that P(m +1) is true.
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Since P(m] is true. we know

Hence

and

Xglm+1)+1 =

Yaima1)+1

Xem+sg = 24m+‘1X0 +32D,. +6

Ygnm+8 = 24111-?-4)(0 + 1633111 + 3.

Xgm+9

[X8m+8] — Ygmag — |
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Thus
X8(m+11+2 = Xam—+10
= Xgm+ol — Ysmes — 1
= —(=2%mE iy = 2m Yy 3D < 1)
—(2m g = 25 Ny D) -
= 2Hmrlriy yop,
and
Ysim+1)+2 = Ysmtio
= Xgm+9 + [Usm+9)
= _pimily — My ey (—2Mmrtly, F2dmEy )
= =2l D L = .
Then
X8(m+1143 = Xgm+1i
= Xsm+10l = Ysmrro — 1
= —2HmAlTy = 2Dy +2MmH I o L AD  +  =
— 24(’m+TJ+1xO _ 7_4tm+1J+1y0 + 2D ey
and

Ysim+1)43 = Ysm+11
= Xgm+1o + iy8111+10|
— 24(1n+l]+lyo +2Dm+1 +24[m+|]+1xO +4Dm+l 41

- 24(1n+|]+|x0 +24{m+1 “_Iyo + 6Dm+F + 1.
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Hence

Xglm+1)+4 = X&m+12

Xgma 11l = Ysmarr — |

= _24m+1 ]-HXO + 230+ ]-Hyo — 2Dy — 24(171;”.;_;)(0
=240ty 8Dy — 2

= *24(m+”+2x0 =8y -2

and

Us(m+1)ed = UYgme12
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Thus

X3im+1)+45 = X8ma13
= [Xsmit2l —Ygmiiz — 1
= 2D 8Dy o+ 2 4 29me e+ 4D 11

= 290maljezy 2Ny 12D e 42

and

Il

Ysim+11+5 Y8mr13
= Xgm12 + Ngmorl
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= _2Hm+l i-l—ZXO +Z4fm+l H—2yo — 4Dm+l 1.
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X8{m41)+6 = Xgm.14

Hence
and
Ystm+1 l+6
Then
Xg(m+1)+7
and
Y&{m+1}+7

It

= IX8|11+I3| —Ysm+13 — J

+2~1[m-i-l J+2x0 _ 24(”1+ 1 *'21;{0 -+ 4D1nx_| +
- _24(m+1}+3y0 — 8Dy —2
Ysm14

Xgm+13 +[Ysgma 13!

= mealzy 24(m'*-”‘lyo ~ 120 m4 —2

=1
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2+ 16D 1 + 3.

X8m+15

iXgm+14] — Yemt1a — 1
24[m+1 J+3y0 < 8Dm+1 +2_ Z4[m+l 3+3xo - 16D
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Thus
Xg{m=11+8 = X8m«1s
= |Xgm«15) — Ygmes — 1
- 24{"1+l]+3><0—~24(m+”+3y0+8Dm_+| +2
+24{m+1]+3x0 + 24[mv<--i}+3y0 424D +5—1
o 24[m+|}+4x0 + 32D ey + 6
and

Ygim+11+8 = Usmite

= Xgme15 T {Ysme 5]

= 2mr _~_24(m—'!]+3yo — 8Dy — 2
+24lm+1}~F—3X0 4 pHmd '*3'90 424D mal + 5

— 24[m-€~1|+4y0+]6Dm+| +3

and so P(m + 1) is true. Thus the proof of the Claim s complete. That is, P{m) is true for
0<m < K1 In particular, P{K — 1} is true. Thus

xgKk = Xgk—1148 = 210 £ 30Dy, 46

and

sk = Yg(K—11+8 = 24[K_””yo +16Dk_ + 3.
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Hence
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. 4K 3
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24[K7IJ — 1
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and
Ysk+2 = Xgka1 +lyseel
= 2o - 2%yp — 3Dy — 1 — 2%Kxy + 29Ky, - Dy
= —Z4K+'x0 — 40k — 1.
Recall that

(x0,ye) € fak, byl » fex, de] \ faky 1, b ] % exer, dig ]

I e SR v AL A BV AL
- 5.24K=3 5 24K—1 5.24K=2 7 5 24K

—2HRET=2 —24K+1 4 7K T=2 __24(K+H+]
[ 5. 24[(K+1}-3 ’5-24[K+”“'J { 5. 24(K+11=2 5 24K+ J

Suppose (Xo,Yo) € [ax, axey) % ok, dyl.

Hence

Yskez > =29 ) — 4D 1

P 7K+ 1
= 2 (W)“DK“‘

28K+3 24(K+I] —1 24[K+2} a
= — - +=—1
5. 24K+1 5. 24{K+1]-3 5 5

which is a contradiction.
Next suppose (xg,Yo) € [ak+y, bx] % [ex, cxqr ).

Then

Xgk+3 = Ixaxgal — Ygryz — 1

—2MF Yo = 2Dk + 2% g 4Dy + 1 - 1

— 24K+IX(‘*2;]K+IHO+2DK
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and
Ysk+3 = XgKke2 +Uakaz
= 2y $ 2Dk + 2K g + 4D 41
= 24Kty 4 2%+ 1y + 6Dy + 1
Hence
Xgkd = (Xgke3| —ugkes ~ 1
= 2Kl ksl oD, — 2 2T 6D )
= 242y 8Dy -2
and

Ysk+d = XgK43 + [Yskrsl
— Z4K+IX0 _24K+lyo +2DK _2:—1K4-IXO _24K+iyo - 6D]< -

= —2¥K+Iy. AD - 1.

Recall that (x,y0) € [ekp, b % ek, ey )

Thus
Ysk+a > —ZJK""E[CKH b —4Dy — 1
_ ke (_241(7173 _ ]> _4 (24K _ ]) .
5. J4K+2 5
28K+4 24K+2 24K+2 4

= 5,24K+2+5,24K+27 5 +§_i

which is a contradiction.

Now suppose that (xo,yo) € (bkyy, byl x [Cxtr, dx].
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Hence

Xgk+5 = [Xgkaal —Ygres — 1
= 2 8D £ 2 4 2y 4D T

— Z4K+2xO+24K+2yO+]2DK+Z

and
Y8k+5 = Xgxaa + Hskial
= 2% 8Dy — 24 2542y 4 4Dy 4 1
S L
Then
Xgke6 = [Xskas|—Uskes — 1
= 22 IR0 D — 2 2Ky 220 L AD 4T —
= —2¥H3y gDy 2
and

Ysk+e x3x45 + [Ugk s
= 2030 + 234 2y, 112Dy 42 4 2RI 2WK+2y0 4 4D + 1

= 24K+3Xo + 16Dk + 3.

Recall that (xo,Uo) € [bry1,bi] X fexa, dil.

Thus

29K
Yskes > 24K+3(b1<+1]+16( ; >+3

. _24€K+1}+} ZJIK*]
— 4K+3
e (Y (20




S?{Eg B On the global behavior of Xn+1 = Xul-yn — 1 and Un+i = Xn + |Jynl

—4K+4 1 24K+4 16

= 5 +§+ 5 —75*4*3

which is a contradiction.

Finally, suppose (x0,Yo) € [aka1, b1l x (dirr, dil.

Thus
Xsk+7 = {Xsk+el —yskes — 1
= 2%y + 8Dk +2- 2% 3y, 16D 31
_ _24K+3xo + 24K+jyo . SDK _—
and
Ysk+7 = Xgkie + lUskesl
= 2y — 8Dy —2 - 29K+3 . 16Dy - 3
= 2, - 2K 2aDy 5.
Hencc
XskK+8 = Ixswa7l—yskyr— |
— 24K+3Xo _ 24K+3UO +8Dx +2 +24K+Sxo T 24'(*390 + 24DK 451
= 24K+3X0 + 32Dk +6
and
Usk+8 = X3k47 + [Yekar|

— _24K4—3Xo+24k+3y0 LSDK_Z+24K+3XO+24K+3UO +24DK +5

= 2%KFhy0 16D + 3.

Recall that (x0,10) € [aks1, bres] % (dicss, dil.



152 E.A. Grove, E. Lapierre and W, Tikiha

Thus

298
Ysk+s > 24K+4(dk+|}+16( B )+3

_24[K+T) ] 4K
> 24K+4(_ﬁ2 ha >+16(2 . ?)+3

5. 24(K+1}

24K+4 ] Z4K+4 16

=TTy tyt Ty g+l

= 0

which is 2 contradiction. The proof is complete,
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